A recent experiment has shown that the force required to pull off a flat circular rigid punch in adhesive contact with an array of elastic fibrils is sensitive to the thickness of the elastic backing layer to which these fibrils are attached. This result motivates us to study the effect of sample compliance on the adhesion of fibril arrays. A closed form expression for the compliance of such arrays attached to a backing layer of finite thickness is derived. Our model is based on the assumption that the adhesive strength of a fibril is deterministic. In addition, we show that the normalized pull-off force is inversely proportional to the square root of a single dimensionless parameter ␤. For large ␤, the pull-off force is low as it is governed by the stress concentration at the punch edge. For small ␤, this pull-off force reaches a theoretical limit that is governed by the ability of fibrils to share load equally ͓equal load sharing ͑ELS͒ limit͔. The pull-off force predicted by our model is compared with new experimental data. Our model shows the correct trend but underestimates the pull-off force in the ELS limit. The difference between our theoretical predictions and experimental results is attributed to alignment difficulties in the experiments and the fact that the adhesive strength of fibrils is governed by local statistics.
I. INTRODUCTION
Many small insects and lizards use fine hairs on their foot to make contact and to adhere to surfaces.
1-3 These fine hairs often terminate into spatulated tips or pads to enhance contact and adhesion. These features have inspired many researchers to fabricate fibrillar structures and to study their adhesion. [4] [5] [6] [7] [8] [9] [10] [11] [12] Typically, these bioinspired fibrillar structures consist of fibers attached to a backing layer of the same material. The role of the backing layer is to increase the overall compliance of the structure and is crucial for maintaining good contact, particularly if one of the surfaces is rough. 13 A common method to characterize adhesion of fibril arrays is to determine the force required to pull off a flat or spherical indenter in adhesive contact with the array. 14 For example, in the experiment of Kim et al., 15 a flat rigid indenter with a circular cross section is brought into contact with the array; the indenter is then retracted and the maximum force during retraction, the pull-off force, is used to characterize adhesion. It is often thought that thick backing layers are good for adhesion since they increase the compliance of the sample, thus allowing the fibrillar surface to make better contact with the rigid indenter. 13 For this reason, one expects that adhesion should increase with backing thickness. Since in typical experiments these backing layers are much thicker than the height of the individual fibers, this hypothesis remains untested. Kim et al. 15 showed that the pull-off force actually increases as they decrease the backing thickness. In the following, we develop an analytic model to explain this observation.
The basic idea of our model can be explained as follows: assuming that all fibers are identical and are in perfect contact ͑e.g., the punch is perfectly aligned and the punch surface is perfectly smooth͒ and the backing layer is infinitesimally thin, then all of the fibers that are in contact with the indenter will be stretched by the same amount imposed by the indenter; as a result, pull off will occur when the force acting on a fiber reaches a critical force F c = K f ␦ c , where K f is the effective stiffness of a fibril and ␦ c is the critical elongation needed to detach a fiber from the indenter. This scenario gives the maximum pull-off force F max =−a 2 F c , where is the number of fibers per unit area and a is the radius of the indenter. We call this limit the equal load sharing ͑ELS͒ limit. Imagine the opposite case where the fibers are very stiff and the backing layer is very thick or very compliant. In this limit, the displacement of the rigid indenter is accommodated almost entirely by the surface displacement of the backing layer below it. Therefore, the contact stress distribution should approach the classical rigid punch solution that has a square root singularity at the contact edge. The presence of stress concentration implies that fiber detachment will initiate at the edge. In a force control test, this detachment is unstable resulting in pull off at a force substantially lower than F max . This limit will be referred to as the crack limit in the following. For a given specimen geometry and material property, the pull-off force will be somewhere in between these two limits. It is important to emphasize that our model assumes that the fibers are identical and in perfect contact, and in addition, each fiber has a unique detachment force F c = K f ␦ c .
We remark that the idea presented above has been used by various researchers to study the force required to detach a single fiber adhesively bonded to an elastic "substrate." In these works, [16] [17] [18] the adhesive interaction between the fiber and the substrate interface is governed by prescribing a relation between the opening and the sliding displacement jump across the interface and the interfacial traction. These models showed that there are two distinct regimes for fiber pull off. In the first, the adhesive force acts in the entire contact region with the result that there is no stress concentration-this corresponds to the ELS limit in this work. In the second "flaw sensitive" regime, the pull-off force is low because the region where the adhesive interaction dominates is small compared with the region at the fiber edge where the stress singularity dominates. The differences between these previous analyses and the present one are as follows. ͑1͒ We carry out experiments to compare with theory, which has not been done in these previous works. ͑2͒ We use a particular form of interface model that has not been studied previously and is appropriate for our experiments. ͑3͒ The substrate in our case is not an infinite elastic half space but has finite thickness and this makes the solution of the present problem more complicated. ͑4͒ Our experiments show that strength theories based on deterministic interface models have limitationsparticularly in the ELS limit or flaw insensitive regime. In this limit, failure can be strongly affected by the statistics of detachment strength so theories based on unique detachment strength can lead to significant errors.
The plan of this paper is as follows. In Sec. II, we briefly describe our experimental setup and present pull-off force experiment results. Our model is explained in Sec. III. Comparison between the experimental data and the model is presented in Sec. IV. Discussion of the limitation of our model is given in Sec. V.
II. EXPERIMENTAL SETUP
Polyurethane elastomer ͑ST-1060, BJB, Inc.͒ microfiber arrays with a polyurethane elastomer backing layer were fabricated using the fabrication method of Kim et al. 5 Except for the backing layer thickness, all fibril array samples had the same geometry ͑Fig. 1͒. The spacing between fibers was 12 m, which resulted in a fiber density of = 6.94 ϫ 10 9 m −2 . Each fiber had a length of 20 m and a diameter of 4.5 m, terminating into a spatulated tip and a base support with a diameter of 9 m. The elastomer used to make backing layer and fibril arrays could be well approximated by incompressible elastic material with Young's modulus of E = 3 MPa.
A schematic of the tensile adhesion setup to measure the macroscale adhesion of microfiber arrays with different backing layer thicknesses on a flat punch indenter is illustrated in Fig. 2 . The experiments were conducted using punches of two different radii, a = 575 m or a = 1005 m. These microfabricated flat circular silicon punches were very smooth and were brought into adhesive contact with the fiber array sample using an automated positioning stage ͑MFA-CC, Newport͒. The sample was then retracted and the maximum tensile force ͑pull-off force͒ was measured using a high resolution load cell ͑GSO-50, Transducer Techniques, Inc.͒ to characterize adhesion. In order to investigate the pull-off forces in ELS and crack limits, fiber arrays with different backing layer thicknesses were fabricated and characterized. During the measurements, alignment of the flat punch was a critical issue. Inverted microscope ͑Nikon TE200͒ images on fibers were used to align the flat punch indenter using two degrees of freedom tilt stage ͑Newport, GON40-L͒. This visual alignment system could still lead to up to 5 m vertical positioning error between two opposite edges of the flat punch. However, all fibers were guaranteed to be in contact with the flat punch before the rigid punch started to retract. Another difficulty of the experiments is that the load cell has a finite compliance. Therefore, compliance of the load cell was characterized and its effect was subtracted from the fiber stretching estimations. However, the finite compliance of the load cell does not affect the pull-off force data.
III. THEORETICAL MODEL
Since the dimensions of the fibrils are typically very small in comparison with all relevant length scales such as the radius of the rigid indenter a and the thickness of the elastic backing layer h, we model their mechanical response to the impose punch displacement as an elastic foundation sandwiched between the punch and the elastic layer. Specifically, the foundation displacement ␦, which is the difference in normal displacement between the rigid punch and the elastic substrate, is directly proportional to the normal interfacial stress via the foundation stiffness k as 
͑1͒
The foundation stiffness is related to the stiffness of a single fibril K f by
where = 6.94ϫ 10 9 m −2 is the number of fibrils per unit area. In our case, the fibrils can be modeled as bars with height L and cross-sectional area A with a stiffness of
where E is Young's modulus of the fibril. The corresponding value of k in our experiments is found to be 2.37 ϫ 10 10 N / m 3 . We assume that a fibril will detach from the substrate at a critical stretch length of ␦ c . In other words, the foundation cannot support any normal interfacial stress beyond c ϵ k␦ c . Our model for the fibrillar interface is illustrated in Fig. 3 . In this model, the work to detach a unit area of the interface or the effective work of adhesion is
. ͑4͒
Recall that for two identical surfaces in contact, the work of adhesion is two times the surface energy. The work of adhesion is a material property, that is, the energy required to separate a unit area of surface is the same, whether or not the stress state on the interface is homogenous. In this work we assume that failure occurs on the interface between the microfibers and the punch, consistent with our experimental observations. Indeed, the microfiber array and the backing layer were fabricated from a single piece of polyurethane. Therefore, failure of these fibers at their bases will require the breaking of covalent bonds. It is therefore not surprising that we only observed failure along the microfiber/flat punch interface.
A. Governing equations
The coordinate system is shown in Fig. 4 . Axis symmetry implies that the nonvanishing displacements in the elastic layer are u͑r , z͒ in the radial direction and w͑r , z͒ in the z direction. The applied displacement is denoted by ⌬ ͑⌬Ͼ0 denotes compression͒. The elastic foundation model assumes that the fibrillar interface has negligible thickness and is located at z =0.
According to Eq. ͑1͒, the normal interfacial stress is related to the surface displacement of the elastic substrate by
This condition relates the deformation of the fibrils to the normal interfacial stress and will be called the interface condition. The surface of the backing layer outside the punch is traction-free, i.e., zz ͑r Ͼ a,z = 0͒ = 0. ͑6a͒
Since the fibers are perpendicular to the surface of the punch and no sideway displacement of the punch is imposed in our experiments, fibers underneath the punch have negligible shear deformation. Note that this assumption is entirely consistent with a result in linear elasticity, which states that the surface shear displacement induced by a distribution of normal traction on the surface of a linearly elastic isotropic incompressible half space is identically zero. Therefore,
Also, since the backing layer is perfectly bonded to a rigid substrate at z = h, u͑r,z = h͒ = w͑r,z = h͒ = 0. ͑7͒
These boundary conditions must be supplemented by the governing equations of linear elasticity for the elastic layer that can be found in Ref. 19 .
B. Solution
Let the unknown normal contact stress underneath the punch be denoted by ͑r͒ϵ zz ͑r , z =0͒. This stress causes a normal displacement w͑r , z =0͒ on the upper surface of the backing layer. To obtain w͑r , z =0͒, we solve an elasticity problem subjected to the boundary condition in Eqs. ͑6a͒, ͑6b͒, and ͑7͒ using the Hankel transform. Since fibrillar structures are made of typical elastomers, we assume an incompressible elastic solid with shear modulus G. Details of the transform method can be found in Ref. 19 . Here, we state the results, i.e.,
where R and Z are normalized coordinates defined by 
is the normalized thickness. The function K in Eq. ͑8͒ is found to be
K͑R,RЈ,h
where J 0 is the Bessel function of order zero and f is given by
To complete the formulation, we impose the interface condition by substituting Eq. ͑8͒ into Eq. ͑5͒. Equation ͑5͒ becomes
which determines the contact stress distribution for a given punch displacement. To determine the pull-off force, we need to impose an additional condition. Physically, for a fixed punch displacement ⌬, the stress at the edge will increase as the contact radius decreases, so pull off occurs when
Equations ͑12͒ and ͑13͒ determine the pull-off force F p , which is
If we introduce the normalized stress ⌺ = / k␦ c and the normalized punch displacement ⌬ = ⌬ / ␦ c , Eqs. ͑12͒ and ͑13͒
where
Also, we normalized the pull-off force in Eq. ͑14͒ by the maximum pull-off force F max =−a 2 k␦ c in the ELS limit, that is,
Equations ͑15a͒-͑15c͒ imply that the normalized pull-off force F p depends on two dimensionless parameters ␣ and h ‫ء‬ . The dimensionless parameter ␣ has been found to be extremely useful to characterize the adhesive failure of fibers bonded to an infinite half space. 20 The numerical solution of Eqs. ͑15a͒ and ͑15b͒ is presented below. Details of the numerical implementation are given in the Appendix.
C. Numerical results
The normalized contact stresses ⌺ during pull off are plotted in Fig. 5 for different values of h ‫ء‬ and fixed ␣. For a fixed ␣, the stress approaches the ELS limit ͑dotted line͒ for sufficiently small h ‫ء‬ . As expected, the contact stress distribution becomes more concentrated at the punch edge as h ‫ء‬ increases. The situation is similar as one fixes h ‫ء‬ and decreases ␣ as shown in Fig. 6 . According to Eq. ͑5͒, the normalized surface displacement w ϵ w / ␦ c of the backing layer in the contact zone is ⌺ + ⌬ ; therefore, the surface displacement profiles are also given in Figs. 5 and 6, provided that it is translated downward by ⌬ . A plot of the normalized pulloff force versus h ‫ء‬ for different values of ␣ is shown in Fig.  7 . As expected, the normalized pull-off force approaches the ELS limit for small h ‫ء‬ and ␣. 
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D. Approximate analytical solution for pull-off force
Our analysis shows that the pull-off force is a function of two dimensionless parameters ␣ and h ‫ء‬ . In this section, we show that it is possible to reduce these two parameter dependences into a single parameter ␤. Our approach is based on the fact that pull off occurs when the local energy release rate is equal to the effective work of adhesion given in Eq. ͑4͒. The local energy release rate ⌫ can be obtained by determining the compliance of the structure ͑both fiber array and backing layer͒ C f , which is
is the applied force on the punch at displacement ⌬. Defining a normalized compliance by C f ,
The local energy release rate is related to the compliance by
The pull-off force is determined by the condition
To develop an analytical solution for this problem, we first determine the compliance in the limit of an infinitely thick backing layer, i.e., h ‫ء‬ → ϱ. Specifically, we solve Eq. ͑12͒ with h = ϱ for the normal stresses given an applied punch displacement. The numerical method for solving Eq. ͑12͒ is similar to the calculation of the pull-off force except in this case, the pull-off condition ͑15b͒ is not applied since the punch displacement is prescribed. The normalized compliance for this case is denoted by C fϱ . We found that C fϱ can be fitted accurately ͑within 5%͒ by the following expression:
It should be noted that Eq. ͑21͒ is exact in the limits of ␣ → 0 ͓rigid backing layer, C fϱ → 1 / ͑ka 2 ͒ or C fϱ → 1͔ and ␣ → ϱ ͓rigid fibrils, C fϱ → C ϱ =1/ ͑8Ga͒ ͑Ref. 22͒ or C fϱ → 2 ␣ / 4͔. For finite backing layer thickness, we assume that the normalized compliance is still given by Eq. ͑21͒, but with a modified ␣ ‫ء‬ defined by
where G ‫ء‬ is defined by
where C = C͑h / a͒ is the rigid flat punch compliance of the finite backing layer ͑without the fibril array͒, that is, C͑a / h͒ = ⌬ / P, where ⌬ is the displacement imposed on the indenter in contact with a backing layer with no microfiber array and P is the indenter load. In Eq. ͑23͒, C ϱ = C͑a / h → ϱ͒ =1/ ͑8Ga͒ ͑Ref. 22͒ and is the rigid flat punch compliance of an elastic incompressible half space. To find C, we solve the problem of a flat circular punch in frictionless contact with the upper surface of an elastic layer of thickness h, while the bottom of the layer is bonded to a rigid substrate. The solution to this problem can be found in the literature with various degrees of accuracy. 19, 20 We found that the solution in the literature can differ substantially for small h / a. Typically, numerical difficulties arise for h / a Ͻ 0.1 with integral equation methods due to rapid oscillations of the Bessel functions. The method of Yang and Li 19, 21 is the most accurate but they did not provide explicit approximate formula for the compliance. We used two different methods to compute the compliance, solving the integral Eq. ͑12͒ with k = ϱ and solving the integral equation in Yang and Li. 19 For very thin layers we determine the stress distributions using asymptotic analysis ͑not shown͒ and also with finite element analysis using ABAQUS. 23 Based on these analysis and calculations, the compliance of the finite layer C is found to be well approximated by
where ϵ 1 / h ‫ء‬ = a / h, C ϱ =1/ ͑8Ga͒, and ͑͒ = ͑1.095 + 1.3271 2 + 0.1431 3 ͒/0.9717. ͑24b͒
Combining Eqs. ͑22͒ and ͑24b͒, ␣ ‫ء‬ is found to be
In summary, the normalized compliance of the fibrillar array with a finite backing layer, C f , is To check the assumption ͑22͒, we compared Eq. ͑26͒ with compliances obtained by numerically solving Eq. ͑15a͒ with applied punch displacement for ␣ = 1 and different aspect ratios h / a. Equation ͑26͒ is plotted in Fig. 8 and agrees very well with the numerical solution. One can also obtain an approximate expression for C f by adding the compliance of the backing layer and the compliance of the fiber array, that is, C f Ϸ C͑͒ +1/ ͑ka 2 ͒. It turns out this expression is not nearly as accurate as Eq. ͑26͒.
The pull-off force can now be computed by combining Eqs. ͑19͒, ͑20͒, and ͑26͒. The derivative of the compliance in Eq. ͑19͒, using Eq. ͑26͒, is
where ͑͒ is given by Eq. ͑24b͒ and C fϱ
The normalized pull-off force, using Eqs. ͑19͒, ͑20͒, and ͑27͒, is
is a dimensionless parameter. Equation ͑28a͒ shows that F p is inversely proportional to the square root of the dimensionless single parameter ␤ defined by Eq. ͑28b͒. Direct evaluation of Eq. ͑28b͒ showed that ␤ cannot be smaller than 4 / 2 .
At ␤ =4/ 2 Ϸ 0.4, F p = 1 and the ELS condition is exactly satisfied. Since F p = ͑a 2 F c ͒F p , the pull-off force F p can be determined once F c is known.
Finally, we check the validity of the normalized pull-off force expression given by Eq. ͑28a͒. According to Eqs. ͑28a͒ and ͑28b͒, if we plot the numerically computed F p ͑Sec. III C͒ versus ␤, different normalized pull-off forces corresponding to different ␣ and h ‫ء‬ should collapse on a single master curve given by Eqs. ͑28a͒ and ͑28b͒. To check this, we calculate the normalized pull-off force for ␣ =0, 1, 2, ... , 20 and h ‫ء‬ = 0.1, 1.1, 2.1, . . . , 19.1. These results are plotted in Fig. 9 below versus ␤ ͑symbols ‫ء‬ ͒. Equation ͑28a͒ is the solid line in this figure. The agreement between the analytic and numerical results is excellent. Although the normalized pull-off force depends only on ␤, the normalized contact stress distribution ⌺͑R͒ is found to depend on both ␣ and h ‫ء‬ and cannot be expressed as a function of ␤ only.
IV. COMPARISON WITH EXPERIMENTS
Pull-off forces obtained from the experiments are plotted in Figs. 10 and 11 for the cases of a = 575 m and a = 1005 m, respectively. Figure 10 shows that the pull-off force increases abruptly at h ‫ء‬ = h / a = 0.16. The dimensionless parameter ␤ corresponding to this case is 0.44, indicating that the specimen is in the ELS regime. Note that there is considerable variability in the pull-off forces, especially for the case of h / a = 0.16 where ELS is approached ͑see Fig. 10͒ . We attributed the scatter in pull-off force to punch misalignment, which can lead to vertical positioning errors up to 5 m between two opposite edges of the flat punch. Indeed, since the height of the fibrils is about 20 m, slight misalignment of the indenter will result in uneven contact between the microfibers and the punch. Such uneven contact can strongly affect the adhesion of the fibrils to the punch surface. This explanation is consistent with our data, since one would expect that for the same punch radius, the variability in contact adhesion due to misalignment is greater for thinner layers.
To compare the theoretical prediction with the experiments, we plot Eq. ͑28a͒ in Figs. 10 and 11 . The only adjustable parameter in our theory is the maximum pull-off force F max , which is related to the critical detachment force F c by F max =−a 2 F c . Because of the large scatter in the pull-off forces in Fig. 10 , we decided not to determine F c using the data for the case of h / a = 0.16. Instead, the theoretical predictions in Figs. 10 and 11 are obtained by fitting the experimental data in the non-ELS regime using Eq. ͑28a͒ with F c as a fitting parameter. The F c 's obtained using this method are found to be approximately independent of the thickness of the layer. However, the F c 's for different punch radii are found to be 24 N and 10 N for a = 575 m and a = 1005 m, respectively. We attribute this difference to punch misalignment. Figure 10 shows that the theoretical prediction, which is based on unique deterministic fiber detachment strength, underestimates the pull-off force in the ELS regime. We will discuss this result and the limitation of our model in Sec. V.
V. SUMMARY AND DISCUSSIONS
Experiments and theory are developed to investigate the effect of backing layer thickness on fibrillar adhesion. We use an elastic foundation to model the deformation of the fibril array while the deformation of the finite backing layer is modeled using linear elasticity theory. A key assumption is that fibers have a unique detachment strength F c . Using these model and numerical simulations, we show that the normalized pull-off force is inversely proportional to the square root of a single dimensionless parameter ␤. Large ␤ indicates that pull off occurs in the crack limit, while as ␤ approaches its lower limit ͑Ϸ0.4͒ failure occurs in the ELS regime.
Another useful result in this work is Eq. ͑26͒, which gives the normalized normal compliance of a flat rigid punch indenting on a fibrillar structure with a backing layer. Indentation experiments using rigid hemispherical indenters have been found to be an effective way to study adhesion of fibrillar arrays.
14 Equation ͑26͒ can be used to compute the energy release rate of such indenters in adhesive contact with a fibrillar structure. Details of indentation adhesion experiments and their relation to the rigid punch solution can be found in Shull 24 and Vajpayee et al. 25 The results in Figs. 10 and 11 show that our experimental results can be predicted reasonably well by Eqs. ͑28a͒ and ͑28b͒ in the crack limit ͑large ␤, e.g., thick backing layer and large punch radius͒. However, Fig. 10 shows that our theory underestimates the pull-off force in the ELS regime. If punch misalignment is solely responsible for the large scatter in the pull-off force in the ELS regime, then one would expect that the measured pull-off forces in this regime should be lower than the theoretical prediction. The fact that the measured pull-off force is higher than the theoretical prediction in this regime for all seven tests in Fig. 10 indicates that perhaps some assumptions in our theory are oversimplified.
There are two assumptions in our theory that can be challenged. One is our usage of a continuum foundation to model the deformation of the discrete microfiber array. The other is that all fibrils are identical and have unique detachment strength. The first assumption can be checked by comparing the compliance computed based on Eq. ͑26͒ with that obtained from our experiments. We have conducted this and obtained good agreement between theory and experiment. However, because the foundation model is a continuum model, the critical detachment force used in our analysis must be interpreted as the mean detachment strength of a large number of fibers. An implicit assumption is that this means strength is independent of the backing layer thickness. While this hypothesis is supported by our experimental data in the crack limit, it breaks down in the ELS regime. One way of reconciling this discrepancy is to note that the mean strength of a bundle of ELS fibers is always higher than that of the same bundle in the crack limit, presumably due to stress concentration. This means that the assumption of unique detachment strength cannot be satisfied. For example, it is well known in the theory of composites that fiber bundles subjected to ELS behave very differently than the same fiber bundle subjected to local load sharing ͑i.e., stress concentration͒. 26 In particular, it is also well known that ELS fiber bundles do not fail at a unique strength. 27, 28 In conclusion, the model presented shows why pull-off forces decrease as the backing layer thickness increases. However, our model cannot capture the stochastic failure process during punch retraction; as a result, it underestimates the pull-off force in the ELS regime. A better model is to treat the fibril array as a discrete system and to conduct a detailed analysis of the detachment statistics. Theoretically, we need to develop a statistical model for failure of microfiber arrays similar to recent works. 20, 29, 30 To provide input to this model, it is necessary to conduct a very large number of FIG. 11 . ͑Color online͒ The symbols are pull-off forces ͉F p ͉ ͑mN͒ from experiments ͑a =1005 m͒. The solid line is Eq. ͑28a͒. The dimensionless constant in this case is ␣ = 3.79. The solid line fit is obtained using ͉F max ͉ = 220 mN.
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Long et al. J. Appl. Phys. 104, 044301 ͑2008͒ independent tests on identically prepared samples as well as collecting individual detachment statistics on single fibers using very stiff loading devices. To avoid misalignment, the experiments can be conducted with a hemispherical indenter with a sufficiently large radius of curvature. We hope to present these results in a future work. 
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APPENDIX: NUMERICAL SOLUTION OF INTEGRAL EQUATION
To solve the integral equations ͓Eqs. ͑15a͒-͑15c͔͒, we first evaluate the function K͑R , RЈ , h ‫ء‬ ͒ given in Eqs. ͑10͒ and ͑11͒. This function is evaluated by numerical integration. In the limit of h ‫ء‬ → ϱ, K͑R , RЈ , h ‫ء‬ ͒ can be written in terms of complete elliptic function of the first kind, F, i.e.,
K͑R,RЈ,h
‫ء‬ → ϱ͒ = Ά 2Fͩ R 2 RЈ 2 ͪ RЈ , RЈ Ͼ R 2Fͩ RЈ 2 R 2 ͪ R , RЈ Ͻ R.
· ͑A1͒
It can be shown that K͑R , RЈ , h ‫ء‬ ͒ has a logarithmic singularity at R = RЈ. To avoid this singularity in the numerical integration, we use the following identity: To solve Eq. ͑A3͒, we use M Gauss quadrature points in ͓0,1͔ which are denoted by S k , 1Յ k Յ M = 50. Since the singularity of K͑R , RЈ , h ‫ء‬ ͒ at R = RЈ is logarithmic, lim R→R Ј K͑R , RЈ , h ‫ء‬ ͓͒⌺͑RЈ͒ − ⌺͑R͔͒ = 0. Equation ͑A3͒ can be discretized to
where w k are the weights for Gauss quadrature corresponding to S k . Note that there are M + 1 unknowns, i.e., ⌬ and ⌺͑S k ͒. However, Eq. ͑A5͒ only gives M linear equations, so we impose the boundary condition Eq. ͑15b͒ to determine the normalized pull-off force. ͓When solving for compliance, the M equation in Eq. ͑A5͒ is sufficient since the displacement ⌬ is prescribed in this case.͔ Substituting the boundary condition ⌺͑R =1͒ = 1 into Eq. ͑A3͒, we get
Equations ͑A5͒ and ͑A6͒ provide M + 1 linear equations for the M + 1 unknowns ⌬ and ⌺͑S k ͒, 1Յ k Յ M. Solution of these linear equations gives the normalized punch displacement and contact stress distribution at pull off. The normalized pull-off force is computed using 
